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The set S consisting of those positive integers n which are uniquely expressible in 
the form n = a* + b2 + c*, a > b > c > 0, is considered. Since n E S if and only if 
4n E S, we may restrict attention to those n not divisible by 4. Classical formulas 
and the theorem that there are only finitely many imaginary quadratic fields with 
given class number imply that there are only finitely many n ES with n & 0 
(mod 4). More specifically, from the existing knowledge of all the imaginary 
quadratic fields with odd discriminant and class number 1 or 2 it is readily deduced 
that there are precisely twelve positive integers n such that n E S and n = 3 
(mod 8). To determine those n E S such that n = 1, 2, 5, 6 (mod 8) requires the 
determination of the imaginary quadratic fields with even discriminant and class 
number 1, 2, or 4. While the latter information is known empirically, it has not 
been proved that the known list of 33 such fields is complete. If  it is complete, then 
our arguments show that there are exactly 21 positive integers n such that n E S 
and n = 1, 2, 5. 6 (mod 8). 0 1984 Academic Press, inc. 
1. INTRODUCTION 
In this paper we discuss one of the consequences of the effective deter- 
mination of the imaginary quadratic fields with small class number. The 
paper is in some sense a sequel to 191, although we shall not assume 
familiarity with that paper. 
If II is a positive integer, let P,(n) denote the number of partitions of n as 
a sum of three squares, i.e., the number of triples (a, b, c) of integers 
satisfying 
a* + b2 + cz = n, a>b>c20. (1) 
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Now if a multiple of 4 is expressible as a sum of three squares, all the 
squares must be even. Accordingly 
P,(4n) = P&l), 
since there is a one-to-one correspondence between the solutions of (1) and 
the solutions of 
u* + lJ* + w* = 4n, u>,u)w>O 
given by 
24 = 2a, v = 2b, w  = 2c. 
Consequently in our discussion of P,(n) we may assume that n 8 0 (mod 4), 
i.e., that n 3 1,2,3,5,6,7 (mod 8). 
The case n - 7 (mod 8) is of no interest, since P,(n) = 0 in that case. Thus 
we shall assume throughout the remainder of this paper that n = 1,2,3,5,6 
(mod 8). It is known (see Lemma 1) that P,(n) > 0 in all these cases, and it 
is natural to inquire when P, takes specific small values. In this paper we 
consider the simplest such question, namely: When does P, take the value 1, 
i.e., which positive integers n can be expressed as a sum of three squares in 
essentially only one way? 
Suppose first that n 3 3 (mod 8). We shall show (Theorem 1) that then 
P,(n) = 1 if and only if n has one of the twelve values 
3, 11, 19, 35,43,67, 91, 115, 163,235,403,427. (*I 
This is a simple consequence of results of the last two decades (cf. [ 13-151) 
on the determination of the imaginary quadratic fields with odd discriminant 
and class number 1 or 2. Since a sum of three squares is congruent to 3 
modulo 8 if and only if all three squares are odd, the result of Theorem 1 
can be expressed in the following alternative form. If n is expressible as a 
sum of three odd squares in essentially only one way, then n is one of the 
twelve numbers listed in (*). 
If n = 1,2,5,6 (mod 8), we can determine (Theorem 2) the cases in which 
P,(n) = 1 if we know all imaginary quadratic fields of even discriminant with 
class number 1,2, or 4. Thirty-three such fields are known empirically (cf. 
[2]); twenty-one of them give rise to integers n with P,(n) = 1, namely the 
following 
1, 2, 5, 6, 10, 13, 14, 21, 22, 30, 37, 42, 46, 58, 70, 78, 93, 133, 142, 190, 
253. t**> 
The list of thirty-three fields probably includes all fields of even discriminant 
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and class number 1, 2, or 4, but this fact has not been proved for fields of 
class number 4 and so Theorem 2 is of a conditional nature. 
The results of Theorems 1 and 2 were stated without proof in [9], but the 
list of n with P,(n) = 1 given there is not quite correct. It contains the entry 
162, which is presumably a printing error for 163, and also the spurious 
entry 182, which should be deleted, since 182 = 1 l* + 6* + 5* = lo* + 
9* + 1*. 
2. PRELIMINARIES 
Let r3(n) denote the number of triples (i,j, k) of integers such that 
i2 +j’ + k* = n, (2) 
with no restriction on the signs or relative sizes of i,j, and k. Although the 
arithmetic function r3 counts the ways of expressing a positive integer n as a 
sum of three squares in a more inflated manner than P, does, the function r-j 
is easier to treat analytically. 
There is an obvious relation between r3 and P,, as follows. Each solution 
of (1) gives rise to several solutions of (2) by permutations of the summands 
and changes of sign. In the most typical case where a > b > c > 0, the 
solution (a, b, c) of (1) yields 48 solutions of (2) by the six possible 
permutations and the eight possible changes of sign. In those cases where 
two or more of the quantities u, b, c are equal or one or two of them vanish, 
a smaller inflation factor than 48 arises. Specifically, the solution (a, b, c) of 
(1) gives rise to p(u, b, c) solutions of (2), where 
da, b, c) = 6 if u>b=c=O, 
P@, b, c) = 8 if u=b=c>O, 
p(u,b,c)= 12 if u=b>c=O, 
/I@, b, c) = 24 if u>b>c=Oor 
if u>b=c>Oor 
if u=b>c>O, 
p(u, b, c) = 48 if u>b>c>O. 
Since the number of integers up to x which are expressible in one of the 
forms u2 + u2 or a* + 2~’ is O(x(logx)-I’*) (cf. Sect. 183 of [6]), for 
“most” values of n only the last case p(u, b, c) = 48 occurs and thus for these 
values of n the ratio r,(n)/P&z) is exactly 48. In any case we have 
r&l < 48P,(n). (3) 
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Note that if we restrict n to be a squarefree number greater than 3, then the 
cases p(a, b, c) = 6, 8, or 12 cannot occur and so r&r) must then be a 
multiple of 24. 
Formulas for r&r) are proved in [ 11. Somewhat simpler formulas are 
available for the function R,(n), defined as the number of triples (i,j, k) of 
integers such that 
n = i2 +j2 + k2, g.c.d. (i,j, k) = 1, (4) 
again with no restriction on the signs and relative sizes of i, j, and k. Since 
rdn) = c R,W2), 
d*ln 
formulas for R 3 effectively determine r3. It is classical (cf. [ 1 ] in connection 
with Dirichlet’s class number formula, or Sect. 29 1 of [4], or p. 165 of [ 161) 
that when n is squarefree 
(5) 4-n) r3(n) = R,(n) = 48 - 
N-n) 
if n = 3 (mod 8), 
r3(n) = R,(n) = 24 
h(-4n) 
w(-4n) if n = 1, 2, 5, 6 (mod 8), (6) 
where h(d) is the class number and w(d) is the number of units of the 
imaginary quadratic field of discriminant d. (Dirichlet’s class number 
formula is given in [5, 7, 10, 121.) 
3. LEMMAS 
LEMMA 1. (Legendre). Zf n = 1,2,3,5, 6 (mod 8), then R,(n) > 0, i.e., n 
can be expressed as a sum of three squares without common factor. 
Proof This of course follows from (5) and (6), but may be proved 
directly as in Sects. 317-319 of [8] or as in [ 111. Dirichlet’s elegant proof 
from [ 1 l] is reproduced in many places, e.g., on pp. 263-264 of [3], pp. 
551-554 of [6], or as part of the proof of Satz 187 of [7]. 
LEMMA 2. Zf n s 1, 2, 3, 5, 6 (mod 8) and n is divisible by p2, where p is 
an odd prime, then Pj(n) > 1. 
Proof. By Lemma 1, R,(n) > 0 and so there exist integers a, b, c with 
a2 + b2 + c2 = It, a > b > c > 0, g.c.d. (a, b, c) = 1. 
SUMOFTHREE SQUARES 305 
By Lemma 1 again R,(n/P*) > 0 and so there exist integers d, e, f with 
d2 + e2 + f 2 = n/p2, d > e >f> 0 g.c.d. (d, e,f) = 1. / / 3 
Clearly (a, 6, c) and (pd,pe,pf) are different solutions of (1). 
LEMMA 3. If n is squarefree, then 
rs(n) = R,(n) = 24h(-n) if n > 3, n z 3 (mod 8), 
r3(n) = R,(n) = 12h(-4n) if n > 1, n 3 1, 2,5,6 (mod 8). 
(7) 
(8) 
Proof This is a restatement of (5) and (6), since w(d) = 2 when d # -3, 
-4. 
LEMMA 4. If n is squarefree and n E 3 (mod 8), then h(-n) < 2P,(n). If 
n is squarefree and n 3 1, 2, 5, 6 (mod S), then h(-4n) < 4P,(n). 
Proof The cases n = 3 and n = 1 are immediate, since h(-3) = 
h(-4) = 1. Otherwise we have by Lemma 3 and (3) 
24h(-n) = r3(n) <48P,(n) if n-=3 (mods) 
and 
12h(-4n) = r3(n) < 48P,(n) if nz 1,2,5,6 (mod8). 
4. FINAL RESULTS 
THEOREM 1. If n E 3 (mod 8), then P,(n) = 1 if and only v n is one of 
the twelve numbers listed in (*). 
Proof If n = 3 (mod 8) but n is not squarefree, then P,(n) > 1 by 
Lemma 2. If n = 3 (mod 8) and n is squarefree, it suffkes by Lemma 4 to 
investigate those n with h(-n) = 1 or 2. 
By [ 141 there are six squarefree positive integers n for which n f 3 
(mod 8) and h(-n) = 1, namely, 3, 11, 19, 43, 67, 163. Clearly r,(3) = 
8P,(3)=8.Ifnisoneofthefivenumbers ll=32+2.12, 19=2.32+12, 
43 = 52 + 2. 3*, 67 = 72 + 2. 32, 163 = 2. 92 -t 12, then Eq. (1) has only 
the one solution just listed and of course r3(n) = 24P,(n) = 24, in agreement 
with (7). Thus these five numbers are included in (*). 
By [ 131 or [ 151 there are ten squarefree positive integers n with n = 3 
(mod 8) and h(-n) = 2, namely, 
35, 51, 91, 115, 123, 187, 235, 267, 403, 427. 
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If n is one of the six numbers 
35, 91, 115, 235, 403, 427, 
it may be verified that there is exactly one solution (a, b, c) of (1) and 
moreover that a > b > c > 0 in each case, so that r&z) = 48P,(n) = 48, in 
agreement with (7). Thus these six numbers are also listed in (*). If, on the 
other hand, n is one of the four numbers 
51=7’+2. 1’=2.5*+1*, 123=11’+2. 1*=2.7*+5*, 
187 = 13* + 2. 3* = 2. 9* + 5*, 267=13*+2.7*=2. 112+5*, 
then P,(n) = 2 and r3(n) = 24P,(n) = 48, again in agreement with (7). Thus 
these four numbers are ineligible for the list (*). 
Thus Theorem 1 is proved. 
THEOREM 2. Zf n - 1,2,5,6 (mod 8) and VP,(n) = 1, then either (a) n 
is one of the twenty-one numbers listed in (* *) or (b) IZ > 106, n is 
squareflee, and h(-4n) = 4. 
Proof. If n = 1,2,5,6 (mod 8) but n is not squarefree, then P,(n) > 1 by 
Lemma 2. If n = 1,2,5,6 (mod 8) and n is squarefree, Lemma 4 tells us that 
we need only investigate those n with h(-4n) Q 4. 
By [ 141 the only squarefree positive integers n with n = 1,2,5,6 (mod 8) 
and h(-4n) = 1 are n = 1,2. Obviously P3( 1) = P,(2) = 1. 
By [13] or [15] there are exactly seven squarefree positive integers n for 
which n 5 1,2,5,6 (mod 8) and h(-4n) = 2, namely, 
5=2*+ l*, 6=2*$2. l*, 10=3*+ 12, 13 = 3* + 2*, 
22 = 2 * 3* + 2*, 37 = 6* + l*, 58 = 7* + 3*. 
For each of these seven values of n Eq. (1) has only the one solution just 
given and thus r&z) = 24P,(n) = 24, in agreement with (8). These seven 
integers are included in (* *). 
There are no squarefree positive integers n such that n = 1,2,5,6 (mod 8) 
and h(-4n) = 3. In fact, if 12 is a squarefree positive integer with 
n = 1,2,5,6 (mod 8) and if 12 > 2, the remark at the end of the second 
paragraph of Section 2 shows that r&r) is a multiple of 24 and hence 
h(-4n) must be even by (8). 
On the basis of [2] there are exactly 24 squarefree positive integers such 
that n = 1,2,5,6 (mod 8), h(-4n) = 4, and 1 < n < 106. Twelve of these 
values of n are 
14, 21, 30, 42, 46,.70, 78, 93, 133, 142, 190, 253. 
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For each of the above twelve values of n it can be easily verified that there is 
just one solution (a, b, c) of (1) and further that a > b > c > 0, so that for 
each of these twelve values of it we have r,(n) = 48P,(n) = 48, in agreement 
with (8). These twelve values of IZ are obviously included in (* *). The 
remaining twelve squarefree values of rt with n = 1,2,5, 6 (mod S), 
h(-4n) = 4, and 1 < n < 10” are 
17, 33, 34, 57, 73, 82, 85, 97, 102, 130, 177, 193. 
In each of the latter twelve cases it can readily be verified that P,(n) = 2 and 
r3(n) = 24P,(n) = 48, in agreement with (8). Thus these latter twelve values 
are ineligible for inclusion in (* *). 
Thus Theorem 2 is proved. 
5. CONCLUDING REMARKS 
If we assume that Buell’s listing in [2] of even fundamental discriminants 
with small class number is complete for class numbers not exceeding 120 
and that his list of odd fundamental discriminants with small class number is 
complete for class numbers not exceeding 60, Lemma 4 enables us to find 
the largest squarefree n for which PS(n) < k, where k is a given positive 
integer not exceeding 30. Namely it would suffice to examine the squarefree 
n congruent to 3 modulo 8 for which h(-n) < 2k and the squarefree n 
congruent to 1,2,5,6 modulo 8 for which h(-4n) < 4k. 
To obtain similar results for non-squarefree values of n not divisible by 4, 
it is useful to recall that if n, is squarefree and T is odd, then from formula 
(7.04) of [ I] we have 
so that 
where 4 denotes Euler’s function. Thus (with n, squarefree and r odd) 
rj(nor2) = s R,(n,r*/d*) =x R,(n,jz) 
d* I nor2 ilr 
> U4J S WI = ~,hJr9 
jlr 
BATEMAN AND GROSSWALD 
so that by (3) 
48P,(n,r2) > R,(n,)r. 
Combining (9) with Lemma 3 gives the following generalization of Lemma 4 
(for n, squarefree and r odd) 
I, 2 h(-%Jr if n, > 3, n, = 3 (mod 8), (10) 
4P,(n,r2) 2 h(-4n,)r if n, > 1, n, = 1,2,5,6 (mod 8). (11) 
Along with the inequalities 6P,(3r2) > r and 8P,(r2) > r (which are 
immediate consequences of (9)), inequalities (10) and (11) enable one to 
obtain results for general n not divisible by 4 similar to those indicated 
above for squarefree values of n. 
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